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Even and Odd Coherent Vectors in a Deformed
Hilbert Space

P. K. Das!
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We discuss several properties of even, odd, and orthogonal-even coherent vectors
in a deformed Hilbert space.

1. INTRODUCTION
We consider the set
H, = {f: fz) = Za,z" where X[n]!

where [n] = (1 — ¢")/(1 — ¢), 0 < g < 1.
For f, g € Hy, () = Zi=0 axZ", g(z) = Z,=0 bu2", we define addition
and scalar multiplication as follows:

a> < o}

(f+ 9@ =fi) + g2) = ZO (an + by)" (1)
and
N =k fio)= ZO A" 2)

It is easily seen that H, forms a vector space with respect to usual
pointwise scalar multiplication and pointwise addition by (1) and (2). We
observe that e,(z) = Z,=o ("/[n]!) belongs to H,.

Now we define the inner product of two functions f(z) = X a,z" and
g(z) = X b,Z" belonging to Hy as
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(/. &) = Z[n]! an by (3)
The corresponding norm is given by
P = (£ = 2! o' < o0

With this norm derived from the inner product it can be shown that H,
is a complete normed space. Hence H, forms a Hilbert spac

In a recent paper [1] we have proved that the set {z"/ \[n]!, n = 0, 1,
2,3, ...} forms a complete orthonormal set. If we consider the actions on H,

Tt = nlfoe
T*f, = \in + 1] fu+1

where T is the backward shift and its adjoint 7T* is the forward shift operator
on H,, then we have shown [1] that the solution of the eigenvalue equation

Tfo = Ofa 4

is given by

o = egllaly P :"Z—m—!ﬁ; (5)

We call fo a coherent vector in H,.

This paper is divided into four sections. In Section 1 we state coherent
vectors in H,. In Section 2 we discuss superposition of coherent vectors. In
particular, we introduce even and odd coherent vectors in H,. In Section 3
we discuss quadrature variance for even and odd coherent vectors and state
when they exhibit squeezing. Also we study their antibunching properties.
In Section 4 we study similar properties for orthogonal-e ven coherent vectors.

2. SUPERPOSITION OF COHERENT VECTORS
We consider a vector of the form
ga = A(fa + refoq) (6)

where fy and f_q are coherent vectors (5) and r and ¢ are real parameters.
To normalize we observe that

1 = (8o go) = A(fo + 1e® fo, fou + 1e®f0)
= (oo Jo) + 17 (foo [-0)
+re®(fa, f-a) + re”(fou, f2)]
= A2[1 + 2+ reid’eq( OL‘2)71 eq(—‘ot‘z)
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+ re e, 0(‘2)71 €q(_‘a‘2)]

= A1 + 1> + 2rey(|a) eg(~|aP)cos ¢ 7)

From (6) and (7) we have

1
OL‘Q) “le,(— ‘OL‘Q)COS (0]

(fu + 1e°f-0) (8)

* \/l+r2+2req(

This superposition (8) is of special kind, as it is the eigenvector of T2
the square of the backwardshift:

Tan = 0‘280& )

In the case r = 0, the vector (8) reduces to the coherent vector (5).

2.1. Even and Odd Coherent Vectors
In the case r = 1, ¢ = 0 the vector (8) reduces to

fo t S

(10)
~ B+ el eTo)
In the case r = 1, ¢ = 7 the vector (8) reduces to
fa _ f*a (1 1)

AN ST

We call /5 an even coherent vector and fo an odd coherent vector. Here
we shall study some properties of even and odd coherent vectors.
We observe that

o) e~ P

1
a‘z)fzeq(_‘a‘z

(fa, fa) = 5 \/1 — >(fo + foa fo = f-0)
q
N
+ (f*aa fa) - (f*aa f*a)]
= L 11 — ey
2\ = egloP) Zeg (ot
+ e,(fa) e (o) - 1
=0 (12)

‘ ‘ 2 [(f% fa) (f(.x,f*a)

aF eu(—

aP) ey (o)

Again,
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1 X X
cx‘2)7leq(—‘0t‘2) Mo 1]

1
a‘2)7leq(

T =
/ \b(l + ey
N
— (1 _ e(l(
(1 + ey
(1 + e(la)es(—laP) .
T = ¢ 14
/ %(1 —eulaP) Tes oy Y (19

Thus, arbitrary even and odd coherent vectors are orthogonal and can
be exchanged by the operator 7.

Ry

cx|2)7lea(—|0t|2)
o) e (—laP)

0f o (13)

Similarly,

3. QUADRATURE VARIANCE
We may write the square of the backwardshift 77 as
T° =T + il (15)

where

1 1
T, = B (T? + T*%), T = % (T* — T*%) (16)
1

For arbitrary operator 7, the variance (AT)* of T is defined by
(AT)* = (T%) —«(T)? 17

where (T)= (¢, Td) for arbitrary vector ¢ in Hilbert space.
Now we observe that

1T* = [N + 1], T*T = [N]
where the operator N is such that
Nfu = nf
Also we can verify that
NT — TN = -T, NT* — T*N = T*
and
TT* — T*T = ¢"

We can also show that ¢ commutes with both 7*7 and TT*.
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By (16) we observe that 717> — T>T1 = il,, where
L. ; 1
L=5(4""+ ¢+ DT*T +5¢"(q + 1) (18)

In calculating (18), we have utilized
1T* — T*T = ¢" (19)
T°T* — T*T% = (¢" ' + ¢")(q + DT*T + ¢*'(q + 1)
Now, when the expectation values (77), (T1), (T3), and (T»)” are calcu-

lated for the superposition g € H, as in (8), we obtain

(AT))? = (AT»)* = % (T,)

i(q”’1 +¢")(q + Dlof

1+ 2 = 2rey(o) ey(—la) cos & 1,
2 P N +T 4" g+ ) (20)
1+ 2 + 2reg|oP) ey(~|acos ¢ T 4

Thus they furnish an equality in the uncertainty relation:
ATYAT = (T 1)

The coherent vector with AT} = AT is a special case of a more general
class of vectors which may have reduced uncertainty in one quadrature at
the expense of increased uncertainty in the other such that

AT, < 1 < AT, (22)

These vectors are called squeezed vectors. Equation (20) indicates that
superposition gq cannot exhibit squeezing for the square of the back-
wardshift 77
3.1. Quadrature Variance with Even and Odd Coherent Vectors

If we specialize (8) for even and odd coherent vectors fo (10) and f3
(11), respectively, we observe that

(AT, = (AT2) ), (23)
(AT = (AT,

and that both satisfy their minimum uncertainty relation (21).
We define the two quadrature components of the backwardshift as
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S = % (T+T*, 8= i (T — T*) (24)
We observe the following facts:

(% T*T1%) = |of tanh,jo? (25)
(9, T*T13) = |of coth, o (26)
(for (T2 + T*)f5) = o + @2 27)
(fe, (T* + T*) fo) = o + & (28)
(fa, T*fa) =0 (29)
(f& T*fo) =0 (30)
(foo THTS) = Jof* 31)
(fo T*T?f3) = Ja* (32)

In calculating (ASl)fg we observe that
(f&, Sife) = g41 + %rz(cos 2¢ + tanh, r?) (33)
(fé S1f%) =0 (34)

where we have o0 = re®®.

Hence we have
o1
(AS)k = (S — (S1)> = g4— + 3 r’(cos 20 + tanh, r?) (35)
Similarly we have

(ASy)7 = (S3) — (S = -"4— + %r (cos 2¢ + coth, r?) (36)
Because tanh, r* =~ r* and coth, r* =~ 1/r?, we see that tanh, r> < 1 and
coth, ¥* = 1 if r* < 1. Thus a even coherent vector can exhibit squeezing,
and an odd coherent vector nonsqueezing.

We calculate the correlation function g*(0) for even and odd coherent
vector as follows:

_ e THTe) 1
(f&, T*TfS)*  tanh] r?

g7.(0) (37)

and
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e TETY 1

7(0) = = 8
gfa( ) (f-&, T*Tf-&)2 Cothg r2 (3 )

Because tanh, 7> < 1 and coth, r* = 1, if 7 < 1, we see that odd coherent
vectors exhibit antibunching, but even coherent vectors cannot exhibit
antibunching.

4. ORTHOGONAL-EVEN COHERENT VECTORS

Orthogonal-even coherent vectors are defined as a particular superposi-
tion of even coherent vectors

Jo = Alfo + fia (39)

where 5 is given by (10).
To normalize we observe that

1= (f2, £ = A5 + fan fi + fo)
= A(fo 1) + (fo fi) (40)
+ (fiow f&) + (fiw fia)

Again,
o= Bl + Sl
with
1
B2 = — 41
211+ eglaP) eyl “)

We further observe that

COS4|0L 2

fas f5) = 42
(fio» fo) coshq OLP (42)
From (40)—-(42) we have
| = 2 COSy oc|2 COSy oc|2 41 43
coshy (1‘2 coshy (1‘2 “43)
_ o | cosh, OL|2 + cos, OL|2
coshy (1‘2

Hence the normalization constant A is given by
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£ = cosh(,oc|2 44
2[coshy OL‘Z + cosy oc‘z] “44)

4.1. Quadrature Variance for Orthogonal-Even Coherent Vectors

We take two quadrature components S; and S, given by (24).
We know that

(AS1)? = (SD) — (S1)? (45)

To calculate (45) for orthogonal-even coherent vectors we observe the follow-
ing facts:

(f& flw) =0
(fo f2) =0

(Jeo fo) = coshy a‘z

1 2

(f6, fia) = lﬁ% o
(fa, Tfie) = 0
(fo, TFS) = 0
(5, Tf&) = 0
(S8, Tf8) = 0
Hence we have

where we have o0 = re®.

As the right-hand side of (47) is <1 if r*> < 1, we see that orthogonal-
even coherent vectors can exhibit squeezing.

We calculate correlation function g*(0) for an orthogonal-even coherent
vector as follows:

(& TETHE)  [coshyr® — cosgr?llcoshyr? + cos,r’]
(fo, T*Tf)? [sinh,r? — singr?)?

g72(0)

(48)

We observe that gfg«(0) = 1 if r* < 1.
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Thus an orthogonal-even coherent vector cannot exhibit antibunching.
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